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tained, for a spinless particle, a gravitational analog of the Lorentz force. 
Then, we have shown that this force equation can be rewritten in terms of 
magnitudes related to either the teleparallel or the riemannian structures in- 



duced in spacetime by the presence of the gravitational field. In the first 

H : 

case, it gives a force equation, with torsion playing the role of force. In the 
second, it gives the usual geodesic equation of General Relativity. The main 
conclusion is that scalar matter is able to feel anyone of the above spacetime 
geometries, the teleparallel and the metric ones. Furthermore, both descrip- 
tions are found to be completely equivalent in the sense that they give the 

same physical trajectory for a spinless particle in a gravitational field. 
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I. INTRODUCTION 



The notion of absolute parallelism (or teleparallelism) was introduced by Einstein in 
the late twenties, in his attempt to unify gravitation and electromagnetism. About three 
decades later, works by M0ller [jl], Pellegrini & Plebanski fj], and Hayashi & Nakano 0, 
produced a revival of those ideas, which since then have received considerable attention, 
mainly in the context of gauge theories for the Poincare and the translation groups f^-TO]. 



The scene of the teleparallel theories of gravitation is the Weitzenbock spacetime |TT 



a space presenting torsion, but no curvature. The teleparallel description of gravitation is 
believed to be equivalent, at least macroscopically, to the General Relativity description, 
whose stage-set is provided by a Riemann spacetime, a space presenting curvature, but no 
torsion. If this equivalence is in fact true and effective, the gravitational interaction might 
have two equivalent descriptions, one of them in terms of torsion only, and another one in 
terms of curvature only. 

With the purpose of exploring this equivalence, we study in this paper a gauge theory 
for the translation group, trying to stay as close as possible to the usual scheme of the gauge 
models for internal groups. This means essentially that we start by considering spacetime to 
be a Minkowski space. The resulting model, as we are going to see, will be quite analogous 
to the U(l) electromagnetic gauge theory. Relying on this analogy, and considering the 
motion of a spinless test particle in a translational gauge gravitational field, we deduce the 
gravitational analog of the Lorentz force equation. This equation describes the trajectory 
of the particle submitted to a gauge gravitational field in a flat spacetime. Now, due to 
the spacetime character of translations, the corresponding gauge theory will differ from the 
usual gauge models in many ways, the most significant being the presence of a tetrad field. 
A tetrad field defines in a natural way a linear Cartan connection with respect to which the 
tetrad is parallel. For this reason, tetrad theories have received the name of teleparallelism, 
or absolute parallelism. A tetrad field defines also in a natural way a riemannian metric, 
in terms of which a Levi-Civita connection can be defined. On the other hand, as is well 
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known, torsion and curvature are properties of a connection JT2J, and many different con- 
nections can be defined on the same space. Therefore, in the specific case of a tetrad theory, 
we can say that the presence of a nontrivial tetrad field in the gauge theory induces both, 
a teleparallel and a riemannian structures in spacetime. The first is related to the Cartan 
connection, a connection presenting torsion, but no curvature. The second is related to the 
Levi-Civita connection, a connection presenting curvature, but no torsion. Then, owing to 
the universality of the gravitational interaction, it turns out possible to link these geomet- 
rical structures with gravitation. However, despite the simultaneous presence of these two 
geometrical structures, we will show in this paper that, in agreement with the equivalence 
alluded to above, the description of the gravitational interaction requires only one of the 
above structures. In other words, the gravitational interaction can be described alternatively 
in terms of magnitudes related to the teleparallel or to the riemannian structures induced in 
spacetime by the nontrivial tetrad field. Concerning the dynamics of the gravitational field, 
it has already been shown that this is in fact the case: the Hilbert -Einstein lagrangian of 
General Relativity, linear in the scalar curvature, is completely equivalent to the lagrangian 
of a translational gauge theory, quadratic in the torsion tensor. Similarly, we will show that 
the gravitational Lorentz force equation, which describes the motion of a particle submitted 
to a gauge gravitational field in a flat spacetime, can be rewritten in terms of magnitudes 
related to either, the teleparallel or the riemannian geometry of spacetime. In the first case, 
the resulting equation is not a geodesic but a force equation, which means that the trajec- 
tories followed by scalar matter are not geodesies of the induced Weitzenbock spacetime. In 
the second case, the gravitational Lorentz force becomes the geodesic equation of General 
Relativity, which means that the trajectories followed by scalar matter are geodesies of the 
induced Riemann spacetime. As both descriptions are obtained from the same force equa- 
tion, we conclude that they are completely equivalent, which means essentially that scalar 
matter is able to feel anyone of the above spacetime geometries. 
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II. A GAUGE THEORY FOR THE TRANSLATION GROUP 



We start by assuming spacetime to be a Minkowski space. The second half of the greek 
alphabet (/i, v, p, ■ ■ • — 1,2,3,4) will be used to denote indices related to this space. Its 
coordinates, therefore, will be denoted by x M , and its metric by rj^. At each point of 
spacetime, there is a tangent space attached to it, given also by a Minkowski space, which 
will be the fiber of the corresponding tangent bundle. We use the first half of the greek 
alphabet (a, /3, 7, ••• = 1,2,3,4) to denote indices related to this space. Its coordinates, 
therefore, will be denoted by x a , and its metric by 7] a p. As gauge transformations take place 
in this space, these will also be the algebra indices of the gauge model. The holonomic 
derivatives in these two spaces can be identified by 

d„ = (d^) d a ■ d a = (d a x») <9 M , (1) 

where d^x a is a trivial holonomic tetrad, with d a x^ its inverse. 

A gauge transformation is defined as a local translation of the fiber coordinates, 

x ' a = x a + a Q (^) , (2) 

with a a (x^) the corresponding parameters. It can be written in the form x' = Ux, where U 
is an element of the translation group. For an infinitesimal transformation, 

U = 1 + 5a a P a , (3) 

with 5a a representing the infinitesimal parameters, and P a = d a standing for the generators 
of infinitesimal translations, which satisfy 

[Pa,P P ]=0. (4) 

In terms of these generators, the infinitesimal version of transformation (Q) becomes 

Sx a = 5aPPf) x a . (5) 

Let us consider now a general source field Its gauge transformation does not 

depend on the spin character, and is given by 
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&(af) = U$(af) . (6) 

The corresponding infinitesimal transformation, therefore, is 

5$ = 5a a P a <$> , (7) 

with 5$ standing for the functional change at the same ar M , which is the relevant transfor- 
mation for gauge theories. It is important to remark that the translation generators are able 
to act on any source field through their arguments because of identification (|l|). 

In order to define the gauge covariant derivative of we must first introduce the 

gauge potentials of the model, which will be denoted by 

= B a ^P a . (8) 

Using the general definition of gauge covariant derivatives, 

D, = dp + c- 2 B% A , (9) 

where the velocity of light c was introduced for dimensional reasons, the covariant derivative 
of turns out to be 

^$ = ^$ + c- 2 J B%P Q $ . (10) 

As the generators are derivatives which act on the fields through their arguments, every 
source field in Nature will respond to their action, and consequently will couple to the gauge 
potentials. In other words, every source field in Nature will feel gravitation the same way. 
This is the origin of the concept of universality according to this model. 

From the covariance requirement for D^, we can get the gauge transformation of the 
potentials: 

£?; = UB^U- 1 + SUd^U- 1 . (11) 
The corresponding infinitesimal transformation is 

B' a , = 5% - c 2 d,6a a . (12) 



The field strength F a Mi , is defined as the covariant derivative of the gauge potential B a ^, 
and analogously to the U(l) electromagnetic gauge theory, it reads 



duB a u — d u B a a . 



(13) 



Notice that, as expected for an abelian theory, F a ^ is invariant under a gauge transforma- 
tion. Consequently, its ordinary and gauge covariant derivatives coincide. 

The dynamics of the gauge fields, as usual, can be obtained from a lagrangian quadratic 
in the field strength, 



C 



167rG 



1 



(14) 



where G is the gravitational constant, and 



Naff = V 



up 



(15) 



III. GRAVITATIONAL LORENTZ FORCE 

Let us now consider the motion of a particle of mass m in a gravitational field described 
by a translation gauge theory. As spacetime is a Minkowski space, we can rely on an analogy 
with the electromagnetic case to obtain the corresponding gravitational interaction. Thus, 
analogously to what occurs in electrodynamics |14| , we assume the interaction of the particle 



with the gravitational field to be described by the action 

c- 2 f B a llPa dx^ (16) 

J a 

with the integration taken along the world line of the particle. In this expression, p a is the 



Noether conserved charge under the transformations of the gauge group [fL5|,[r|j]. In other 
words, p a is the four-momentum 

p a = mcu a 

of the particle, with u a its four-velocity. Therefore, the complete action for a particle in a 
gravitational field is given by 
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s 



Lds = 



—m c V—u 2 H B a n u a 



ds 



(17) 



with ds = (rj^dx^ dx v ) 1 ^ 2 the Minkowski interval, and u 2 = ri^u^ u u . Notice that, in writing 
this action, we have already assumed the equality between inertial and gravitational masses, 
as stated by the (weak) equivalence principle [17[ . 

Next, we make use of the Euler-Lagrange equation to obtain the equations of motion. 
The result is 



mc 



ds M ds 



C 



(18) 



Using the relation 



we get finally 



du^ f dx a \ du c 



ds 



dx^ I ds 



d,x a + c- 2 B\) ^ 



a _2 rpa v 



(19) 



This is the gravitational analog of the Lorentz force. Its solution determines the trajectory of 
the particle in a flat spacetime. It is interesting to notice that, while in the electromagnetic 
case the particle four-acceleration is proportional to e/m, with e its electric charge, in the 
gravitational case the mass disappears from the equation of motion. This is, of course, a 
consequence of the assumed equivalence between the gravitational and inertial masses. 



IV. THE INDUCED SPACETIME GEOMETRY 

Up to this point, spacetime has been considered to be the Minkowski space. However, as 
we are going to see, the presence of a nontrivial tetrad field in the translation gauge theory 
induces further structures in spacetime. Owing to the universality of the gravitational 
interaction, it will then be possible to relate these structures to the presence of gravitation. 

By using Eq. ([!]), the covariant derivative ( [X0|) of a general source field can be rewritten 
in the form 
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D fx <5> = h a ll d a <S> , (20) 

where 

h a „ = d^ a + c- 2 B a ^ = x a (21) 

is a tetrad field. Notice that the gravitational field appears as the nontrivial part of the 
tetrad JIB] . Making use of Eqs.(^) and (|T2"|), it is easy to see that, as in fact it should be, 



the tetrad is gauge invariant: 



h' a = h a 



Its gauge covariant derivative, therefore, turns out to be the same as the ordinary derivative. 
The expression for the gauge covariant derivative operator of source fields, 

D, = h\ d a , (22) 

is actually the definition of a non-holonomous basis. In the absence of gravitation, h a M 
becomes trivial, and it reduces to the coordinate basis <9 M appearing in Eq. ([!]). This new 
basis, induced by the presence of the gravitational field, satisfy the commutation relation 

[D fM D u }=c- 2 F% u P a . (23) 

Therefore, as usual in gauge theories, the commutator of covariant derivative operators 
yields the field strength F *^. There is a difference, though: in contrast to the usual gauge 
theories, the field strength here will be directly related to the spacetime geometry. 

In fact, due to the presence of a tetrad field, there always exists a naturally defined linear 
Cartan connection [12] 



T p ^ = h a p d u h%, (24) 

which is a connection presenting torsion, but no curvature. As a consequence, the field 
strength F a ^ can be written in the form 

FV = c 2 h a p TV , (25) 



where 

hi/ — r^i/^ r^^jy (26) 

is the torsion induced in spacetime by the presence of the gravitational field. Moreover, the 
commutation relation (^) acquires the form 

[D lt ,D v ] = T'> /a ,D p , (27) 

indicating that torsion plays also the role of the non-holonomy of the gauge covariant deriva- 
tive. 

The presence of a Cartan connection allows the introduction of a spacetime covariant 
derivative which, acting for example on a spacetime covariant vector V p , reads 

V, ^ = d v V p - rV V e . (28) 

From this definition, one can easily see that, as a consequence of Eq.(pip, 

h a „ = d u h a p - h a p r v = o . (29) 

This is the condition of absolute parallelism, which implies that the spacetime underlying 
a translational gauge theory is naturally endowed with a teleparallel structure. In other 
words, a Weitzenbock's four-dimensional manifold is always present when considering a 
gauge theory for the translation group [|J. 

Besides the teleparallel structure, the presence of a nontrivial tetrad induces also a rie- 
mannian structure in spacetime. As the tetrad satisfies 

h%h a v = 6 li v ; h%hff = 6 a f,, (30) 

if algebra indices are raised and lowered with the lorentzian metric r] a ^, tensor indices will 
necessarily be raised and lowered with the riemannian metric 

9p» = Vap hP v . (31) 
Accordingly, a linear metric connection can be introduced, 
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r V = \9 9p [d^pu + d v g pli - d p g pv \ , (32) 
which is a connection presenting curvature, but no torsion. Its curvature 

R 6 P nu = djt e pu + f \ p f V - (A* f ) . (33) 



represents the curvature induced in spacetime by the presence of the gravitational field. 

o 

The connection Y pv , actually the Levi-Civita connection of g py) allows the introduction of 
another spacetime covariant derivative which, acting for example on a spacetime covariant 
vector V p , reads: 

V„ V p = d v V p - f V V e ■ (34) 

a a 

As can be easily verified, both connections Y pv and Y pu preserve the metric: 

o 

Vu g P u = g PP = . 

o 

Substituting now g pu into Y pV i we obtain 

r P u = Y pv + K pv , (35) 

where 



1 r 



K° 

^ 2 



T p \ + T v \-T% v (36) 



is the contorsion tensor. Notice that the curvature of the Cartan connection vanishes iden- 
tically: 

R%,u = d p Y 6 pu + Y 9 ap T V -(ji^u) = 0. (37) 
Substituting Y 6 ' pv from Eq. (|35|) , we get 

R% P u = R 9 PP » + (DK) e ppv - K\ p K\ v + K\ u K% p = , (38) 

where 
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(DK) e 



d p K e pv + T e ni K% u + T% v K e afl - (// v) . 



(39) 



From these considerations, we conclude that the presence of a nontrivial tetrad field in 
the translational gauge theory induces both, a teleparallel and a riemannian structure in 
spacetime. These structures together completely characterize the induced spacetime geom- 
etry Moreover, we see from Eq. (p8|) that the Riemann curvature tensor R 6 ' ppu induced in 
spacetime is such that it compensates exactly the contribution to the curvature coming from 
the teleparallel structure, yielding a identically zero total curvature tensor. As we are going 
to see, however, the description of the gravitational interaction requires only one of the above 
structures. In other words, the gravitational interaction can be described alternatively in 
terms of magnitudes related to the teleparallel or to the riemannian geometry. 



V. THE DYNAMICS OF THE GAUGE FIELDS 



In the induced spacetime, the gauge field lagrangian ([[4]) is written as 



h 



16nG 



-F% u F% p g» e N aP 



(40) 



where h = det(h a p ) is the jacobian of the transformation (p^). Due to the presence of the 
tetrad field, however, algebra and spacetime indices can now be changed into each other, 
and consequently appear mixed up in the lagrangian. This means that 

N al3 Vp = Va0 9 Vp = Va0 V h?P 

must now include all cyclic permutations of a,/?, 7. A simple calculation shows that 



N, 



a/3 ' = VafS K W P + 2 h a p - 4 h a V V 



(41) 



Substituting in fl40|) , the gauge field lagrangian turns out to be 



L 16vrG ^ 8p9 



(42) 



Then, by using Eq . (^5|) , it becomes 
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he 4 rl l 

n _ rpp rp pu I _ /Tip rpvfl /Tl p rpufl 

~ IQttG 4 p p 2 p PM " 



(43) 



In order to obtain the vacuum field equations, it is convenient to rewrite it as jD| 

he 4 



where 



- 16nG p ^ v 



S p ^ = \ {T^ + T%» - TV) - \ (*/ T<f* - 5/ W e 



By performing variations in C with respect to we get the equation 

dp Sp P ~ tp p = , 



(44) 



(45) 



(46) 



where 



t p 
L p 



16nG 



Op 



Op 



2T 6p j, 



e T" pe + -T^ a Ty\~6^ h- l C 



(47) 



is the gauge field self-current, which in this case is the energy-momentum (pseudo) tensor 
of the gravitational field. Notice that, despite being an abelian gauge theory, this equation 
presents a nonvanishing self-current which makes it quite similar to the Yang-Mills equa- 
tions. However, in the present case, the self-current has a different nature as, in contrast 



to the standard Yang-Mills theories [19[], it can not be written as a commutator since the 
gauge group here is abelian. 

On the other hand, as we have already seen, the presence of a nontrivial tetrad field in 
the gauge theory induces also a riemannian structure in spacetime. We consider then, in 
the induced Riemann spacetime, the Hilbert-Einstein lagrangian of General Relativity 

c 4 h ° 



C 



16nG 



R 



(48) 



Substituting R as obtained from Eq.(^), it can be rewritten in terms of the Cartan connec- 
tion only. Up to divergences, we get 
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c 



he 4 



16nG 



^_ nnp r r _i_ \_ tp rpv\i p n-ivfi 



(49) 



which is exactly the lagrangian (|43f) of the translational gauge theory. We have in this way 
recovered the well known result Jl3| which says that the translational gauge theory, with a 
lagrangian quadratic in the torsion field, is completely equivalent to General Relativity, with 
its usual lagrangian linear in the scalar curvature. As a consequence of the this equivalence, 
the field equation (^) of the translational gauge theory must also be equivalent to the 
vacuum Einstein's equation. In fact, through a tedious but straightforward calculation, that 
equation can be reduced to 

h (kpe -\g P e°R ] j=Q- (50) 



VI. GRAVITATION AS A MANIFESTATION OF TORSION: FORCE EQUATION 

Let us return to the gravitational force equation (|T9|), which assumes now the form 

h% ^ = c- 2 F\ v u a u v . (51) 

As we are going to see, there are two different ways of interpreting this force equation. In 
fact, it can be rewritten alternatively in terms of magnitudes related to the Weitzenbock 
or to the Riemann spacetime, giving rise respectively to the teleparallel and the metric 
description of gravitation. 

We start with the first alternative, which corresponds to transform algebra into tensor 
indices in such a way to get the force equation (|5l|) written in terms of the Cartan connection 
only. By using Eq. fl25|) , as well as the relations 



h M — = uj^ = - T dfMU u u ; u a = h a8 u , (52) 
where is the particle four acceleration in the induced spacetime, it reduces to 

^ - rV u e u v = T e , v u e u u . (53) 
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The left-hand side of this equation is the Cartan covariant derivative of along the world 
line of the particle. The presence of the torsion tensor on its right-hand side, which plays 
the role of an external force, implies that spinless particles do not follow geodesies in the 
induced Weitzenbock spacetime. Substituting Eq. fl26|) , it becomes 

du. 



ds 



T 9ufl u 9 u u = 0. (54) 



Notice that, as Te Uf j, is not symmetric in the last two indices, this is in fact not a geodesic 
equation. Actually, it is a force equation describing the interaction of a spinless particle with 
the gravitational field. According to this description, the only effect of the gravitational field 
is to induce a torsion in spacetime, which will then be the responsible for determining the 
trajectory of the particle. 

VII. GRAVITATION AS A MANIFESTATION OF CURVATURE: GEODESIC 

EQUATION 

Again, we transform algebra into spacetime indices, but now in such a way to get the 



force equation fl5T|) written in terms of the Levi-Civita connection only. Following the same 



steps used earlier, we get 

^ - rV u 9 u v = T 6fiv u 9 u u . (55) 

Then, by taking into account the symmetry of u 9 u u under the exchange (8 <-> u), we can 
rewrite it as 

''""-re^u'u^K^u'u". (56) 



ds 

Noticing that K^ dv is skew-symmetric in the first two indices, and using Eq.fl35|) to express 
(Kofiv - r 0AO/ ), Eq.QSBD becomes 

^ - f op, u e u» = 0. (57) 
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This is precisely the geodesic equation of General Relativity, which means that the trajecto- 
ries followed by spinless particles are geodesies of the induced Riemann spacetime. According 
to this description, therefore, the only effect of the gravitational field is to induce a curva- 
ture in spacetime, which will then be the responsible for determining the trajectory of the 
particle. 



VIII. CONCLUSIONS 

In the context of a gauge theory for the translation group, we have succeeded in obtaining 
a gravitational analog of the Lorentz force equation. This force equation determines the 
trajectory to be followed by a spinless particle submitted to a gauge gravitational field, in 
a flat Minkowski spacetime. According to this approach, the trajectory of the particle is 
described in the very same way the Lorentz force describes the trajectory of a charged particle 
in the presence of an electromagnetic field. This force equation, however, can be rewritten in 
terms of magnitudes related to either, the telaparallel or the riemannian structures induced 
in spacetime by the presence of gravitation, which is represented by a nontrivial tetrad field. 

The first alternative corresponds to consider the zero-curvature Cartan connection Tq vi1 
defined on spacetime. Its torsion will be the only manifestation of the gravitational field in 
this case. In terms of this connection, the force equation ([19]) becomes 

^ - Y ev , u e u» = 0. (58) 

It is important to remark that, as Tg Ufl is not symmetric in the last two indices, this is not 
a geodesic equation, which means that the trajectories followed by spinless particles are not 
geodesies of the induced Weitzenbock spacetime. In a locally inertial coordinate system, the 
Cartan connection Tg Ufl becomes skew-symmetric in the first two indices, being this property 
the teleparallel version of the normal coordinate condition d^gov — of General Relativity. 
In this coordinate system, therefore, owing to the symmetry of u e u v , the force equation 
fl58|) becomes the equation of motion of a free particle. This is the teleparallel version of the 
(strong) equivalence principle. 
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The second alternative corresponds to consider the torsionless Levi-Civita connection 

o 

Te^u defined on spacetime. Its curvature will be the only manifestation of the gravitational 
field now. In this case, the force equation (|19|) is reduced to 

du, 



rV « u u = . (59) 



This is the geodesic equation of General Relativity, which is an equation written in the under- 
lying Riemann spacetime. It corresponds mathematically to the vanishing of the Levi-Civita 
covariant derivative of along the world line of the particle. In a locally inertial coordi- 
nate system, the first derivative of the metric tensor vanishes, the Levi-Civita connection 
vanishes as well, and the geodesic equation ( |59f) becomes the equation of motion of a free 
particle. This is the usual version of the (strong) equivalence principle as formulated in the 
General Theory of Relativity Jl7j . 

Notice the difference in the index contractions between the connections and the four- 
velocities in equations (|58| ) and (|59|). This difference is the responsible for the different char- 
acters of these equations: the first is a force equation written in the underlying Weitzenbock 
spacetime, and the second is a true geodesic equation written in the induced Riemann space- 
time. Furthermore, as can be easily verified, both equations yield, for velocities sufficiently 
small, the usual Newtonian limit [[!]]] 

(p = -B 00 = , 

r 

with the Newton gravitational potential. 

It is interesting to remark that anyone of Eqs. (|58D and ([59]) can be deduced from a 
variational principle with the action 

f b 

S = — m c ds , 



where ds = {g^dx^ dx u ) 1 ^ 2 is the spacetime interval, and = r} a ph a ^ ' v . In contrast to 
the Minkowskian action (|T7|), the interaction of the particle with the gravitational field is in 
this case given by the presence of the metric tensor g^ v in ds, or alternatively in u 2 = g^u^ u u 
if one opts for using a lagrangian formalism. 
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Now, as both equations fl58Q and (|59|) are deduced from the same force equation (|19|). 
they must be equivalent ways of describing the same physical trajectory. In fact, it is easy 
to see that any one of them can be obtained from the other by substituting the relation 



Ve^u + K Bia , . (60) 



In General Relativity, the presence of a gravitational field is expressed by a torsionless 
metric-connection, whose curvature determines the intensity of the gravitational field, and 
consequently the trajectories to be followed by spinless particles under the influence of the 
gravitational field. On the other hand, in the teleparallel description of gravitation, the 
presence of a gravitational field is expressed by a flat Cartan connection, whose torsion 
is now the entity responsible for determining the intensity of the gravitational field, and 
consequently the trajectories to be followed by spinless particles under the influence of the 
gravitational field. Thus, we can say that the gravitational interaction can be described 
either, in terms of the curvature of spacetime, as is usually done in General Relativity, or in 
terms of the torsion of spacetime. Both interpretations result completely equivalent in the 
sense that they give the same physical trajectory for a spinless particle in a gravitational 
field. Whether gravitation requires a curved or a torsionned spacetime, therefore, turns out 
to be a matter of convention. Moreover, contrary to the old belief |20| that only particles 



with spin could detect the teleparallel geometry, scalar matter being able to feel the metric 
geometry only, our results imply that scalar matter is able to feel anyone of these geometries. 
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